STRUCTURE OF GROUP INVARIANTS 
OF A QUASIPERIODIC FLOW 



LENNARD F. BARKER 



Abstract. The multiplier representation of the generalized symmetry group 
of a quasiperiodic flow on the n-torus defines, for each subgroup of the multi- 
plier group of the flow, a group invariant of the smooth conjugacy class of that 
flow. This group invariant is the internal semidirect product of a subgroup 
isomorphic to the n-torus by a subgroup isomorphic to that subgroup of the 
multiplier group. Each subgroup of the multiplier group is a multiplicative 
group of algebraic integers of degree at most n, which group is isomorphic to 
an abelian group of n by n unimodular matrices. 



1. Introduction 

The generalized symmetry group, S^, of a smooth (i.e. C°°) quasiperiodic flow 
<j> : R x T n — » T n , n > 2, is group theoretic normalizer of the abelian group of 
diffcomorphisms generated by <f>: 

S 4> = ^DiffCr") (^)' 

where Diff(T n ) is the group of diffeomorphisms of T n , and F$ = {4> t ■ t £ R}. The 
quasiperiodic flow <p is generated by the vector field 

X{9) = ■ 
ai t=o 

An R £ Diff(T") which belongs to S$ is characterized by a number in R* = R\{0}. 
(Here and elsewhere, T is the tangent functor, and R^X = TRX R^ 1 .) 

Theorem 1.1. The following are equivalent: 

a) Re S^; 

b) there exists a unique a£l* such that R<j) t = 4> a tR for all 

c) there exists a unique a£l* such that R* X = aX . 

Proof. See Lemma 10.3 and Theorem 13.1 in ||. □ 

The multiplier representation p$ : Scj> — > R* = GL(M) is a linear representation 
of S*0 in R (see B) which takes an R in to the unique number a appearing in 



parts b) and c) of Theorem 1.1. The image, p t j > (S < j > ), is the multiplier group of <j>, 
and is a subgroup of the abelian group GL(R). For each A < p c /,(S < p), the multiplier 
representation induces the short exact sequence of groups, 

id T „ -> ker p^ -> p^ 1 (A) -> A -> 1, 

in which idr™ is the identity diffeomorphism of T n , kerp^ — > p^ 1 (A) is the canonical 
monomorphism, and j'a : P^ 1 (A) — > A is the restriction of to ^^(A). (By the 
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Fundamental Theorem on Homomorphisms (p. 10 Q), A = p^ 1 (A)/ker p^.) This 
states that p^ l (K) is a group extension of kerp^ by the abelian group A. It will be 
shown that this extension splits for any A < p^lS^), that kerp^ = T n , and that 
A is a multiplicative group of real algebraic integers of degree at most n, which is 
isomorphic to an abelian subgroup of GL(n,Z). 

2. Multipliers and Quasiperiodic Flows 

A flow 4> on T n is quasiperiodic if and only if there exists a V G Diff(T") such 
that Y = V*X is a constant vector field whose coefficients are independent over 
Q (see pp. 79-80 Q). Real numbers ai,a 2 ,...,a„ are independent over Q if for 
m — (mi, rri2, m n ) G Z n , the equation 

n 

^mjcij = 
j=i 

implies that rrij = for all j — 1, 2, n. 

The nonzero number p^iR) is called the multiplier of R G S^. An i? G with 
p<p(R) = 1 is known as a (classical) symmetry of (j> (p. 1 0); the symmetry group 
of </> is ker p^, = pl 1 ({l})- An R € with p<j,(R) = —1 is called a reversing 
symmetry (p. 4 |10|| ); if i? 2 = id^™, then R is a reversing involution or a classical 
time-reversing symmetry of </>; the reversing symmetry group of <p is /^({l, — 1}) 
(p. 8 0). An i? G with p<f,(R) ^ ±1, if it exists, is a new type of symmetry of 
cj), called a generalized symmetry of <p- Generalized symmetries are known to exist 
for quasiperiodic flows whose frequencies satisfy certain algebraic relationships (see 
|U for those algebraic relationships and examples on T 2 and T 3 ). 

Theorem 2.1. If <f> is a quasiperiodic, then {1, —1} < p^S^). 

Proof. Suppose is quasiperiodic. Then there is a V G Diff(T") such that Y = V*X 
is a constant vector field. Let ip be the flow generated by Y. For any <Gl, the 
diffeomorphism ip t satisfies {ipt)*Y = Y, so that 1 G p^{S^,). On the other hand, 
the map N : T n -> T n defined by N(8) = -6 satisfies N*Y = -Y, so that 
— 1 G Pxp{S^,). Because Y = V*X, the flows cj) and ip are smoothly conjugate. This 
implies that p^S^) = p^(S^) (Theorem 12.2 ||), and so {1, —1} < p^S^). □ 

Theorem 2.2. If (j) is quasiperiodic and {1} ^ A < p$(S$), then p^ (A) is non- 
abelian, and hence the generalized symmetry group of <p and the reversing symmetry 
group of 4> are nonabelian. 

Proof. Suppose <p is quasiperiodic and {1} ^ A. Then there is an R G S<f, such that 



a = P4>{R) 7^ 1. By Theorem |Ll| R(pi — <j) a R. If (pi = <p a , then (p would be periodic. 
Thus, p'^ 1 (A) is nonabelian. By Theorem |2.l|, both p^S^) and Pcf>(p^ X ({1, — 1})) 
contain — 1, so that S$ = p^ip^iStp)) and pi ({1, —1}) are both nonabelian. □ 

For any A < /^(S^), p^ ) 1 (A) is an invariant of the smooth conjugacy class of <p 
in the sense that if <fi and ip are smoothly conjugate, then p^ ) 1 (A) and p7 (A) are 
conjugate subgroups of Diff(T n ) (Theorem 13.3 ||). Because a quasiperiodic flow 
<p is smoothly conjugate to a quasiperiodic flow ip generated by a constant vector 
field, the group structure of id*r„ — > kerp^ — > pT (A) — > A — * 1 is determined by 
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that of idT" — > kerp^, — > p^ 1 (A) — > A — > 1. Attention is therefore restricted to a 
quasiperiodic flow </> generated by a constant vector field X. 

3. Lifting the Generalized Symmetry Equation 



The equation R*X = aX appearing in part c) of Theorem 1.1 is the generalized 
symmetry equation for <f>. It is an equation on TT™, and lifting it to TR", the 
universal cover of TT n , requires lifting the diffeomorphism R of T n to a diffeomor- 
phism of R™ , and the vector field X on T n to a vector field on R n . The covering 
map 7r : R n — > T n is a local diffeomorphism for which 

ir(x + to) — ir(x) 

for any x G R™ and any to G Z™. Let R : T n — > T™ be a continuous map. A lift 
of i?7r : R™ -> T" is a continuous map Q : R" -> R™ for which Rir = irQ. Since tt 
is a fixed map, Q is also said to be a lift of R. Any two lifts of R differ by a deck 
transformation of 7r, which is a translation of R n by an to G Z n . 

Theorem 3.1. Let R : T n -> T" and Q : R" -> R". Then Q ts a lift of a 
diffeomorphism R of T n if and only if Q is a diffeomorphism o/R" such that 

a) for any to £E Z™ ; Q{x + m) — Q(a^) is independent of x £ R™, and 

b) t/ie map Zq(to) = + to) — Q(x) is an isomorphism ofZ n . 

Proof. The proof uses standard arguments in topology. □ 

The canonical projections tr~ : TR" -> R" and r T . : TT" -> T" are smooth. 
The former is a lift of the latter, 

which lift sends w £ T^R" to x e R™. The covering map Ttt : TR" -> TT" is a 
local diffeomorphism. 

A vector field on T n is a smooth map Y : T n TT™ such that r Tn y = id T «. 
A vector field on 1" is a smooth map Z : R™ -> TR™ such that t r >.Z = id Kn . 

Lemma 3.2. If Y is a vector field on T n , then there is only one lift ofY that is a 
vector field on R™. 

Proof. Let x G R", 6 G T n be such that Yir{x ) = Y(9 ). Let Wa;o G T Xo R n be the 
only vector such that Ttt(w Xo ) =Y(6 ). There exists a unique lift Z : R™ -> TR n 
such that YV = T7rZ and Z(xq) = w Xo (Theorem 4.1, p. 143 |(|). Because Y is a 
vector field on T n , Z is a lift of IV, and tk^ is a lift of ry», 

tt(x) = TT n YTr(x) — TTnTi:Z(x) = irT^nZ(x). 

So the difference x — m^Z(x) is a discrete valued map. Because R™ is connected, 
this difference is a constant (see Proposition 4.5, p. 10 Q). This constant is zero 
because T^nZ{xo) = xq, and so tr^Z = idRn. The equation Yn = TttZ implies 
that Z is smooth because tt and Ttt are local diffeomorphisms and because Y is 
smooth. The choice of the only vector w G T l0+m t" for any ^ m e Z" such 
that Tir(w) — ^(6*0) would lead to a lift Z m of Y that is not a vector field on R™ 
because TspZ m (x) = x + m. The collection {Z m : to G Z}, with Zq — Z, accounts 
for all the lifts of Y by the uniqueness of the lift and the uniqueness of the vector 
w. Therefore Z is the only lift of Y that is a vector field on R™. □ 
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For a vector field X on T n , let X denote the only lift of X that is a vector field 



on W l as described in Lemma 3.2; X satisfies Xtt = TirX. For a diffeomorphism 



R of T n , let R be a lift of R; the lift R is a diffeomorphism of R™ (by Theorem |3_l|) 
for which Rir = nR. 

Lemma 3.3. The only lift of the vector field R*X on T n that is a vector field on 
R n is R*X. 

Proof. A lift of R*X is R*X because 

TirR*X = TttTRXFT 1 

= TiirfyXRr 1 

= T(i?7r)Xi?r 1 

= TRTitXRT 1 

= TRXttR- 1 

= TRXR' 1 * 

= R*Xn. 

By definition, R*X is a vector field on R™. By Lemma 3.2, it is the only lift of 

R*X that is a vector field on R™. □ 

Lemma 3.4. For any a € R* ; the only lift of the vector field aX on T n that is a 
vector field on R™ is aX . 

Proof. A lift of aX is aX because 

Tir(aX) = aTirX = aXir. 



Only one lift of aX is a vector field (Lemma 3.2), and aX is this lift. □ 



Theorem 3.5. Let X be a vector field on T n , X the lift of X that is a vector field 
on R™, R a diffeomorphism of T n , R a lift of R, and a a nonzero real number. 
Then R*X = aX if and only if R*X = aX. 



Proof. Suppose that R*X — aX. By Lemma 3.3, is a lift of R*X: TirR^X 



R*Xn. By Lemma 3.4, aX is a lift of aX: Tn(aX) = aXir. Then 



Tw(R*Jt - aX) = (R*X - aX)n = T »7r, 

where Ot™ is the zero vector field on T n . So R* X — aX is a lift of 0^™ • The only lift 
of 0t" that is a vector field on R™ is Or™, the zero vector field on R™. By Lemma 



3J5 
3.2 



and Lemma 3.4, the difference R*X — aX is a vector field on R™. By Lemma 



R*X -aX = Or,.. Thus, R*X = aX. 
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Suppose that R^X = aX. Then 

R*Xn 



TRXR^n 

TRXttR- 1 

TRTttXR- 1 

TiRnjXR- 1 

TiniViXRT 1 

TttTRXR- 1 

TttR*X 

Tn(aX) 

aTirX 

aXir. 



Because tt is surjective, R*X = aX. 



□ 



4. Solving the Lifted Generalized Symmetry Equation 

The lift of R*X = aX is an equation on TR" of the form Q*X = aX for Q G 
Diff(M"). With global coordinates x = (x\, x 2 , x n ) on M™, the diffeomorphism 
Q has the form 

Q(xi,x 2 , -,x n ) = {fi(x 1 ,x 2 , -,x n ), f n (x 1 ,x 2 , :.,x n )) 

for smooth functions fi : M" — > M, i = l,...,n. Let 9 — (9i, 62, n ) be global 
coordinates on T n such that Oi — Xi mod 1, i = 1, 2, ...,n. If 

d d 8 

for constants a t e 1, i = 1, n, then 

, a d d 

X(x) = ai- t-a 2 - 1 ha„- — , 

axi 0^2 ox n 



so that Q*X = al has the form 



Edfi . , 

a i-ft— = am, * = l,-,n- 



This is an uncoupled system of linear, first order equations which is readily solved 
for its general solution. 

Lemma 4.1. For real numbers a\,a 2 , a n and a with a n ^ 0, the general solution 
of the system of n linear partial differential equations 



E 



aj ~dx~ = aai ' * = ^' 



is 



«i 



a 2 



fi(x) = a — x n + hi X\ Xn,X 2 Xn, • • • j X n — 1 



/or arbitrary smooth functions hi : 



pn — 1 



I, i = 1, ...,n. 
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Proof. For each i = 1, ...,n, consider the initial value problem 

dfi 



Xj(Q,Sl,S2,. 

x n (0, si,s 2 , • 



, S„-lJ 
, S n _l) 
, S n _l) 



s j for j = 1 , . . . , n - 


/lj(si,S 2 , S n _i) 



for parameters (si, s 2 , s n -i) € and initial data hi : M n_1 — > M. Using 

the method of characteristics (see || for example) , the solution of the initial value 
problem in parametric form is 

x j (t,s 1 ,s 2 ,...,s n _i) = ajt + Sj for j = l,...,n- 1 
x n (t ) si,s 2 , ...,s„_i) = a„i 
/*(*, si,S2, ...,s„_i) = aa,t + /ii(si,s 2 , ...,s„_i). 

The coordinates (x±, x%, :r n ) and the parameters (£, si, s 2 , s n _i) are related 
by 



Xl 




ai 


1 





.. 


. 0" 




t 


X2 




a 2 





1 


.. 


. 




Si 


X3 




«3 








1 .. 


. 




S2 


Xn—1 




On-l 








.. 


. 1 




S n -2 


Xn 












.. 


■ °. 




_Sn-l 



The determinant of the n x n matrix is (— l) n a n , which is nonzero by hypothesis. 
Inverting the matrix equation gives 



t 




"0 


. 


.. 





l/a n 




X\ 


Si 




1 


. 


.. 





-ai/a n 




X2 


S2 







1 . 


.. 





-a 2 /a n 




X3 


Sn-2 







. 


.. 1 


















. 


.. 


1 


—O-n-ll a n_ 






the expressions 


for t and the 


Si's in terms of the x 


fi( 


Xi,X 2l ... 


! Xfi ) 


= aa,it 


+ 






-i) 



gives the desired form of the general solution. 

Lemma 4.2. // ai, a 2 , a n are independent over Q, then 

J = < mi m„, ...,m„_i m„ : m 1: ...,m n £ 

L V a n a n ) 

is a dense subset o/R n_1 . 



□ 



Proof. Suppose <X\, a 2 , a n are independent over Q. This implies that none of the 
ai's are zero. In particular, a n 0. Consider the flow 



1n-i,0 n ) = {Oi - {ai/a n )t, 6 n -i - (a„-i/a n )t,9 n — t) 
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on T n which is generated by the vector field 

y _ d\ d ^2_^_ a n-l 9 d 

a n d6\ a n dd 2 a n dQ n -i dd n 

The coefficients of Y are independent over Q because ax, a 2 , a n are independent 
over Q and 

m\ax + • • • + m n a n = —mi ... — m n _i m n = 0. 

So the orbit of ip through any point 9q G T n , 

is dense in T" (Corollary 1, p. 287 §). 
The submanifold 

P = {(0i,...,0 n _i,0 n ) :0„ = O} 

of T n , which is diffeomorphic to T"" 1 , is a global Poincare section for ip because 
X(9) ^T e P for every G P and because j^(6 ) n P ^ for every O S T". Define 
the projection p : T n -> T" _1 by 

p(0i, 02, , 9 n _i,9 n ) = (9i,9 2l 6 n -x) 

and the injection z : T™ -1 — > T n by 

1(61,62, n -i) = (61, 9 2 , 0„_i, 0). 

The Poincare map induced on p(P) by ■0 is given by = p^i* because V'l^o) G P 
when 9q G P. For any k G Z, ^ k = pV^- So, for instance, with = (0, 0, 0) G T n 
and = p(0), 

p( 7 ^(0)nP) - {f(0): K £Z} 

/ ( Gl ° 2 \ r- n\ 

= < K, K, ■ ■ ■, k : K G A > , 

L V a « a " «n / J 

where for each i = l,...,n — 1, the quantity — (ai/a n )K is taken mod 1. With 
7f : R™ _1 — > T' i_1 as the covering map, 

./ = ^ 1 (p(7»(0)np)). 

If p(7i/!(0) n P) were dense in p(P), then J would be dense in P n_1 because 7f is 
a covering map. (That is, if p(7^,(0) (~l P) n [0, is dense in the fundamental 
domain [0, of the covering map tt, then by translation, it is dense in K n_1 .) 
Define x:lx T^ 1 T" by 

X(t, 0i, 2 , 0„-i) - ^(t, 1(61,62, 0„-i)). 
The map x is a local diffeomorphism by the Inverse Function Theorem because 

0" 



1 


has determinant of (— l) n+1 . Let O be a small open subset of p(P). For e > 0, the 
set O e = (—e, e) x O is an open subset in the domain of %. For e small enough, the 
image x(Oe) is open in T n because x is a local diffeomorphism. By the denseness 



-a x /a n 
-a2/a n 



1 
1 



-a„_i/a„ 
-1 
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of 7^(0) in T n , there is a point 8q in x(O t ) H 7^.(0). By the definition of x(O e ), 
there is an e G (— e) and a. £ O such that xi^^o) — ®o- Thus i(8 ) G 7^(0), 
and so p(7^.(0) fl P) intersects O at # - Since O is any small open subset of p(P), 
the set p(7^,(0) (~l P) is dense in p(P). □ 



Theorem 4.3. // a G R* and i/ie coefficients of X = Y^i=i a id I ®®i are indepen- 
dent over Q, then for each R G Diff(T") that satisfies R*X = there exist 
B = (hj) G GL(n,Z) and c G R" suc/i ifcat 



for x = {x\,X2, ...,x n ), in which 



bin = a— - ^2 hj — , i = 1, • 

O^n i 
J = l 



Proof. Suppose that the oi, 02, a n are independent over Q. For a G R*, sup- 
pose that R G Diff(T") is a solution of R„X = aX. A lift 7? of R is a diffeo- 
morphism of R™ by Theorem 3.1. The lift of X that is a vector field on R™ is 



X = Yli=i ai{d/dxi). By Theorem 3.5, R is a solution of i?*A" = aX. With global 
coordinates (xi, £2, on 1" write 

R{x) = {fi(xt, ...,%), f n (xi, —,x n )). 

In terms of this coordinate description, the equation R^X = aX written out is 



dfi . 1 

2_^ a jj> — =oca,i, i=l,...,n. 

J=l J 



The independence of the coefficients of X over Q implies that a n / 0. By Lemma 
4.1, there are smooth functions hi : R" _1 — -> R, i — 1, ...,n, such that 



where 



fi(xi, —,x n ) = a—Xn + h l (s 1 ,s 2 , s n _i) 



X j ; 2 — 1 , . . Tl 1 . 



By Theorem 3.1, R(x + m) — R(x) is independent of x for each m G R n . This 
implies for each i = 1, ...,n that 

/i(a; + m) - 

= +roi,i 2 + m 2 ,...,ar„ + m„) - f i {x 1 ,x 2l ...,x n ) 



a — m n + hi ( si + mi 



ai a„_i 
— m„, .... s n _i + m„_i m r 

Qj-n (Xr>. 



-hi(si, ...,s n _i) 
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is independent of x for every m = (mi, m.2, m n ) G Z n . This independence means 
that fi(x + m) — fi(x) is a function of m only. So for each j — 1, ...,n — 1, 

= ^"[/i^i + m i^2 + m 2 , :.,x n + m„) - fi(x 1: x 2 , —,x n )] 

dhi ( a x a n _i 

si + mi m„, s n _i + m n -i m r 



Os 
c 

"ds 



dhi , . 
-^-(si,...,s„-i). 



So, in particular 



/ oi a„_i \ - 
-— mi m„, ...,m n _i m„ = — - (0, ...,0) 

dSj \ a n a„ J asj 

for all (mi, m n ) G Z". By Lemma [h^, the set 

a\ a„_i \ 
mi m n , ...,m„_i m n I : mi, ...,m„ G Z 

is dense in R n_1 , which together with the smoothness of hi implies that dhi/dsj 
is a constant. Let this constant be b^ for i = 1, j = 1, ...,n — 1. By Taylor's 
Theorem, 



n-l 



h t (si, s„_i) = a + 6 y s 
for constants Ci G R. Thus, 



fi(xii Xji) — Ci -\- (X Xn ~f~ ^ ^ ^ij I / 

Q"n i \ Mr) 

3 = 1 

n—1 , Tl—l \ 

= Ci + bjjXj + ( a— - hj— ) x n . 

, = 1 V fl " 7=1 



For each i = 1,2, n, set 

n-l 

Om = a > bij — 

Then for each i = 1,2, ...,n, 



fi[xii X2s • • • , 3?7i ) Ci + ^ ^ 6 . 

So i? has the form R(x) = Bx + c where B = (bij) is an n x n matrix, and c G R n . 

By Theorem |3.l| , the map l^(m) = R(x + m) — R(x) is an isomorphism of Z". 
By the formula for /j derived above, 

n 

fi(xi +m 1 ,...,x n + m n ) - f i (x 1 ,x 2 ,...,x m ) = }b i:j mj 

3 = 1 

for each i = 1, 2, n. This implies that 

lft(m) — Bm. 

Since is an isomorphism of Z™, it follows that B G GL(n, Z). □ 
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Theorem 4.3 restricts the search for lifts of generalized symmetries of a quasiperi- 
odic flow on T n to affine maps on R™ of the form Q(x) = Bx + c for B G GL(n, Z) 
and c G K" . For an affine map of this form, the difference 

Q(x + m) — Q(x) = B(x + m) + c — (Bx + c) = Bm 

is independent of x, and the map Iq{t7i) — Q(x + m) — Q(a;) is an isomorphism 



of Z n , so that Q is a lift of a diffcomorphism i? on T n by Theorem 3.1. If Q is a 
solution of Q*X = a Jt, then by Theorem |]^, i? is a solution of R*X — aX, so 
that by Theorem O , R G 5^. 



Theorem 4.2 also restricts the possibilities for the multipliers of any generalized 
symmetries of a quasiperiodic flow on T" . One restriction employs the notion of an 
algebraic integer, which is a complex number that is a root of a monic polynomial 
in the polynomial ring Z[z]. If m is the smallest degree of a monic polynomial in 
Z[z] for which an algebraic integer is a root, then m is the degree of that algebraic 
number (Definition 1.1, p. 1 fli~l|). 

Corollary 4.4. If the coefficients of X = y^Li ajd/dOj are independent over Q, 
£/ien eac/i a G /^(S^) is a real algebraic integer of degree at most n, and p^S^) fl 
Q = {1,-1}. 

Proof. For each a G p^iS^) (which is real) there is an R G such that p<f>{R) = a. 
By Theorem Othere is a B G GL(n, Z) such that Ti? = S. Then by Theorem [u] 



and Theorem |3. 

Bl = = aX. 

So, a is an eigenvalue of B (and X is an eigenvector of B.) The characteristic 
polynomial of B is an n-degree monic polynomial in Z[z]: 

z" + d^z™ -1 H h rfiz + d . 

Thus a is a real algebraic integer of degree at most n. The value of do is det(S), 
which is a unit in Z (Theorem 3.5, p. 351 ||). The only units in Z are ±1. 
So the only possible rational roots of the characteristic polynomial of B are ±1 
(Proposition 6.8, p. 160 |§V This means that p^S^DQ C {1, -1}. But p^(S^) n 



D {1, -1} by Theorem gT|. Thus, p^S^) n Q = {1, -1}. □ 



Another restriction on the possibilities for the multipliers of any generalized 
symmetries of 4> employs linear combinations over Z of pair wise ratios of the 
entries of the "eigenvector" X. 

Corollary 4.5. If the coefficients of X = X)™=i ^id/dOi are independent over Q, 
then for any a G p^,(S,p) there exists a B = (bij) G GL(n, Z) such that 

n 
3 = 1 

for each i = 1, ...,n. 

Proof. Suppose that a G p^[S^,). Then there is an R G S$ such that a — p${R). 
By Theorem [O], there isaB = (by) G GL(n, Z) such that TR = B with 



n— 1 

bin = a > by — 

<7 _ ^ — ' J fir 
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for each i = 1, ...,n. Solving this equation for a gives 

n 

a 



1L 
J% 3 „ 



3 = 1 

for each i = 1, ...,n. □ 

The multiplier group of any quasiperiodic flow <f> always contains {1,-1} as 
stated in Theorem 2.1. For each t 6 K, the diffeomorphism 4> t is in S$ by definition. 
A lift of <f>t is 4>t(x) = Ix + tX, where / = 5y is the n x n identity matrix, so that 
by Corollary O, 



E aj ai 
Sij— = — = 1 

for each i = 1, A lift of the reversing involution N defined in the proof of 



Theorem 2.1 is N(x) = —Ix, so that by Corollary 4.5, 

n 

E aj ai 
s ij— = = - 1 

j=i 

for each i = 1, n. Corollary [4.5| enables a complete description of all symmetries 
and reversing symmetries of <f>. 

Theorem 4.6. Suppose that the coefficients of X = X)™=i a-id jddi are independent 
over Q. // Pj>(R) — ±1 /or an i? € S^, f/ien £/iere is a c <E R™ smc/i i/iai = 
p^(R)Ix + c. 



Proof. Let i? € 5^. By Theorem |4.3| there exists a B = € GL(n, Z) and a 
c G R™ such that R(x) = Bx + c. By Corollary 4.5, the entries of B satisfy 



3 = 1 ^ 

for each i — 1, 2, n. By hypothesis, p^{R) = ±1. Then for each £ = 1,2, n, 

&iiai + • • • + (6m =f l)a t + • • • + b ln a n = 0. 

By the independence of ai,a2, ...,a n over Q, &y = when i ^ j and 6^ = p,p(R) 
for all i = 1, 2, n. Therefore, = p^{K)Ix + c. □ 

Corollary 4.7. J/ the coefficients of X = Y?h=i a i® / are independent over Q, 
then kerp^ = T n . 

Proof. Let R G such that p$(R) = 1. By Theorem [4.6| , = /a; + c for some 
c G R". Now, for any c G R'\ the Q G Diff(T") induced by Q(x) = Ix + c satisfies 
Q*X — X by Theorem 3.5: because Q*X = X. So, by Theorem |l . l| , Q G kerp^. 
Since c is arbitrary, Qir = irQ, and 7r(R n ) = T n , it follows that kerp^ = T n . □ 

Corollary 4.8. If the coefficients of X = X^Li <iid/d9i are independent over Q, 
i/ien every reversing symmetry of (j) is a reversing involution. 



Proof. Suppose R G 5^ is a reversing symmetry. By Theorem |4.6| , -R(cc) = —/a; + c 
for some c G R™, and so R 2 (x) = Ix. This implies that R 2 = idy™. □ 
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5. A Splitting Map for the Extension 
A splitting map for the short exact sequence, 

id T ™ -> kerp -> ^(A) -► A -» 1, 

is a homomorphism /ia : A — > p7 (A) such that j'a^a = 1, the identity isomorphism 
of A. Such a splitting map exists if and only if p'^ 1 (A) is the internal semidirect 
product of kerp^ by a subgroup isomorphic to A (Theorem 9.5.1, p. 240 
Given that <j> is generated by a constant vector field, set 

n = {B g GL(n, Z) : B = TR for an i? e 

and define a map i/^ : II^ — > p^(S^) by V(j>(B) = p$(R) where R € S,p with Ti? = 5. 

Lemma 5.1. If the coefficients of X = Y^i=i a $l&®i are independent overQ, then 
Vfy is well-defined. 

Proof. Let B g II^, and suppose there are R,Q ^ with Ti? = B = TQ such 
that i^(-B) = (-R) and i^(-B) = p$(Q). Then i?Q _1 £ and .RQ -1 is a lift of 
i^Q- 1 for which T^Q" 1 ) = BB^ 1 = I. Hence RQ- 1 ^) = Ix+c for some c g K™. 
This implies that (^Q" 1 )^ = X, so that by Theorem |j| (i?Q- 1 )»X = X. By 
Theorem JO], p^RQ^ 1 ) — 1. Because is a homomorphism, p$(R) = pj,(Q). □ 

Lemma 5.2. If the coefficients of X = X)"=i a i^/^i are independent overQ, then 
Tit/, is a subgroup o/GL(n, Z). 

Proo/. Let B,C <E n . Then there are R,Q e S,p such that TR = B and TQ = C. 
The latter implies that TQ" 1 = (TQ)- 1 = C _1 . Then BC" 1 = T_R.TQ _1 = 
T(i?Q~ 1 ). The diffcomorphism a; — * RQ~ 1 x of K™ satisfies conditions a) and b) 



of Theorem 3.1, and so is a lift of a diffeomorphism V of T". Let a = p^(R) 
and /? = p<p(Q). Then p^(Q _1 ) = /3 _1 because is a homomorphism, and so 
(Q- 1 )^ = f3~ 1 X. Thus, 

T^Q- 1 )^ = {RQ- 1 )^ = a^X. 



By Theorem |1| 7,1 = a[3~ 1 X, so that by Theorem |0|, V g 5 . The lifts flQ" 1 
and F of V differ by a deck transformation of tt, so that BC^ 1 = T(7?Q" 1 ) = TF. 
Therefore, BC" 1 g n . □ 

Theorem 5.3. If the coefficients of X = J27=i a i3/d9i are independent over Q, 
then is an isomorphism and is an abelian subgroup o/GL(n, Z). 

Proof. Let B,C <E Then there are R,Q g such that TR = B and TQ = C. 



Let a = P4>{R) and [3 = p<t,{Q). By Theorem |L1| and Theorem [3_J, TRX = aX 
and TQX = (3X. By Lemma BC g LT^, so that there is a V g such that 
TF = SC. Hence, 

F*l = TFX = BCA" = a/3i". 



By Theorem 3.5 and Theorem 1.1, p<p(V) — af3. Thus, 



v 4> {BC) = af3 = v <t> {B)v <t> {C). 
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By definition, v§ is surjective, and by Theorem |f.(j , keri/^ = {I}. Therefore is 
an isomorphism. The multiplier group p^S^) is abelian because it is a subgroup 
of the abelian group M* . Thus II^ is abelian. □ 

The isomorphism v$ : IT^ — > A enables the definition of a map h\ : A — > /o^" 1 (A). 
It is h\(a) = R where R(x) — v~7 (pt)x. 

Theorem 5.4. If the coefficients of X = ^27=1 o^id/dOi are independent over Q, 
then h\ is a splitting map for the extension id<r>i — > kerp^ — > p^^A) — > A — > 1 /or 
eac/i A < p ( j,(S^). 

Proof. For arbitrary a, (3 S A, set i? = h&(a), Q = h&(/3), and = h\{a(3). Then 
= v^ x (a)x, Q(a;) = v^ 1 {f})x, and V^x) = vT 1 (af3)x. By Theorem p 7 ^ , i/^ 1 is 
an isomorphism, so that V(x) = \(x)v~^ ((3)x. Because 

h\(a)hA({3)ic(x) — RQir(x) 
= irRQ(x) 

= Tiv~ x {afi)x 

= -kV(x) 
= Vtt(x) 
= h\(af3)-K(x), 

and because n is surjective, h\(a)h A ([3) — h\(a/3). Let B = TR = (a). Then 
f<t>{B) = p^(R), so that 

j\h A (a) = j A {R) = p^R) = v<j,(B) = u^v^ 1 (a)) = a. 

Therefore h A is a splitting map for the extension. □ 



Theorem 5.5. If the coefficients of X = Xa=i o-id/dOi are independent over Q, 
then for any {1} A < p^S^f), p7 (A) is the internal semidirect product of a sub- 
group isomorphic to the abelian group T n by a subgroup isomorphic to a multiplica- 
tive abelian group of real algebraic integers of degree at most n, which multiplicative 
group is isomorphic to a abelian subgroup of GL(n, Z). 



Proof. By Theorem t 
h\(A). By Corollary 



I p^ 1 (A) is the internal semidirect product of kerp^, by 
fl, kerp^ = T n , and by Corollary 4.4, A is a multilplicative 



group of algebraic integers of degree at most n, which by Theorem 5.3 is isomor- 
phic to an abelian subgroup of GL(n,Z). The internal semidirect product is not 
the internal direct product of kerp^, by h\(A) because the internal direct product 
of the two abelian groups is abelian while by Theorem 2.1, p < ^ 1 (A) is nonabelian 
whenever A ^ {1}. □ 
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